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A Short Note on Hilfer Fractional Derivative
and its Nabla Analogue
Jagan Mohan Jonnalagadda1
Abstract: In this note, we show that Riemann–Liouville and Hilfer fractional
differential operators are equal on the space of continuous functions. Further,
we introduce the nabla analogue of Hilfer fractional derivative, known as Hilfer
nabla fractional difference, and confirm that Riemann–Liouville and Hilfer nabla
fractional difference operators are also equal on the sequence space.
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1. Introduction
Fractional calculus [13, 14] has been of great interest over the last few decades
due to its applicability in various fields of science and engineering. The combined
efforts of a number of mathematicians produced a fairly strong theory of fractional
calculus for functions of a real variable. As a result, numerous definitions of
fractional integrals and fractional derivatives were proposed. See for example
[1, 6, 9, 10, 12, 13, 14, 15] and the references therein.
Hilfer [9] introduced a large family of generalized Riemann–Liouville fractional
derivatives that contains Riemann–Liouville and Caputo fractional derivatives as
particular cases. In this article, we show that both Riemann–Liouville [13, 14] and
Hilfer [9] fractional derivatives of a continuous function are equal.
On the other hand, there has been a surge of interest in the development of nabla
fractional calculus, within the past one decade. Gray and Zhang [8] introduced
the notion of nabla fractional difference and obtained Leibniz formula, a limited
composition rule and a version of a power rule. Following the work of Gray and
Zhang [8], Atici & Eloe [4] and Anastassiou [3] defined Riemann–Liouville and
Caputo nabla fractional differences and established several properties. The basic
notions and properties of nabla fractional differences can be found in a recent
monograph [7] and the references therein.
Motivated by the definition of Hilfer fractional derivative, in this article, we
propose its nabla analogue and demonstrate that both Riemann–Liouville and
Hilfer nabla fractional differences of an infinite sequence are same.
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22. Preliminaries on Fractional Calculus
Denote the set of all real numbers by R. Define Na := {a, a + 1, a + 2, . . .}, for
any a ∈ R.
Definition 2.1 (See [13, 14]). The Euler gamma function is defined by
Γ(z) :=
∫
∞
0
tz−1e−tdt, ℜ(z) > 0.
Using the reduction formula
Γ(z + 1) = zΓ(z), ℜ(z) > 0,
the Euler gamma function can be extended to the half-plane ℜ(z) ≤ 0 except for
z 6= 0,−1,−2, . . .
Definition 2.2. [13, 14] Let α > 0 and y : [a, b] → R. The αth-order Riemann–
Liouville fractional integral of y is defined by
(
Iαa y
)
(t) =
1
Γ(α)
∫ t
a
(t− s)α−1y(s)ds, a ≤ t ≤ b, (2.1)
provided the right-hand side exists.
Definition 2.3. [13, 14] Let y : [a, b] → R, n ∈ N1 and assume n − 1 < α ≤ n.
The αth-order Riemann–Liouville fractional derivative of y is defined by
(
Dαa y
)
(t) =
(
DnIn−αa y
)
(t), a ≤ t ≤ b, (2.2)
where Dn denotes the classical nth-order differential operator, if the right-hand
side exists.
Definition 2.4. C[a, b] be the space of continuous functions y : [a, b]→ R.
Lemma 2.1. [13, 14] Let y ∈ C[a, b]. Then,
(
Iαa y
)
(a) = lim
t→a+
(
Iαa y
)
(t) = 0.
Lemma 2.2. [14] Let y ∈ C[a, b], α ≥ β ≥ 0 and
(
Dα−βa y
)
exists on [a, b]. Then,
(
Dαa I
β
a y
)
(t) =
(
Dα−βa y
)
(t), a ≤ t ≤ b.
Lemma 2.3. [14] Let y : [a, b] → R, n ∈ N1 and assume n − 1 ≤ α, β < n. If(
Dβay
)
exists and is integrable on [a, b], then
(
IαaD
β
ay
)
(t) =
(
Dβ−αa y
)
(t)−
n∑
j=1
[(
Dβ−ja y
)
(t)
]
t=a
(t− a)α−j
Γ(α− j + 1)
, a ≤ t ≤ b.
33. Hilfer Fractional Derivative
Hilfer [9] introduced a large family of generalized Riemann–Liouville fractional
derivatives of order α and type β as follows:
Definition 3.1. Let y : [a, b] → R, 0 < α < 1 and 0 ≤ β ≤ 1. The αth-order
and βth-type generalized Riemann–Liouville fractional derivative (Hilfer fractional
derivative) of y is defined by(
Dα,βa y
)
(t) =
(
Iβ(1−α)a DI
(1−β)(1−α)
a y
)
(t), a ≤ t ≤ b, (3.1)
provided the right-hand side exists.
Now, we show that both Riemann–Liouville [13, 14] and Hilfer [9] fractional
derivatives of a continuous function are equal.
Proposition 3.1. Let y ∈ C[a, b], 0 < α < 1 and 0 ≤ β ≤ 1. If
(
Dα+β−αβa y
)
exists and is integrable on [a, b], then(
Dα,βa y
)
(t) =
(
Dαa y
)
(t), a ≤ t ≤ b.
Proof. Clearly, 1− (1− β)(1− α) > 0. Let a ≤ t ≤ b and consider(
Dα,βa y
)
(t) =
(
Iβ(1−α)a DI
(1−β)(1−α)
a y
)
(t) (by Definition 3.1)
=
(
Iβ(1−α)a D
1−(1−β)(1−α)
a y
)
(t) (by Lemma 2.2)
=
(
Iβ(1−α)a D
α+β−αβ
a y
)
(t)
=
(
Dαa y
)
(t)−
[(
I(1−α)(1−β)a y
)
(t)
]
t=a
(t− a)β−αβ−1
Γ(β − αβ)
(by Lemma 2.3)
=
(
Dαa y
)
(t). (by Lemma 2.1)
The proof is complete. 
4. Preliminaries on Nabla Fractional Calculus
Assume that empty sums and products are taken to be 0 and 1, respectively.
Definition 4.1 (See [5]). The backward jump operator ρ : Na → Na is defined by
ρ(t) = max{a, (t− 1)}, t ∈ Na.
Definition 4.2 (See [7]). For t ∈ R\{. . . ,−2,−1, 0} and r ∈ R such that (t+r) ∈
R \ {. . . ,−2,−1, 0}, the generalized rising function is defined by
tr =
Γ(t+ r)
Γ(t)
.
Also, if t ∈ {. . . ,−2,−1, 0} and r ∈ R such that (t + r) ∈ R \ {. . . ,−2,−1, 0},
then we use the convention that tr := 0.
Definition 4.3 (See [7]). Let µ ∈ R \ {. . . ,−2,−1}. Define the µth-order nabla
fractional Taylor monomial by
Hµ(t, a) =
(t− a)µ
Γ(µ+ 1)
,
4provided the right-hand side exists. Observe that Hµ(a, a) = 0 and Hµ(t, a) = 0
for all µ ∈ {. . . ,−2,−1} and t ∈ Na.
Definition 4.4 (See [5]). Let u : Na → R and N ∈ N1. The first order backward
(nabla) difference of u is defined by
(
∇u
)
(t) := u(t)− u(t− 1), t ∈ Na+1,
and the N th-order nabla difference of u is defined recursively by
(
∇Nu
)
(t) :=
(
∇
(
∇N−1u
))
(t), t ∈ Na+N .
Definition 4.5 (See [7]). Let u : Na+1 → R and N ∈ N1. The N
th-order nabla
sum of u based at a is given by
(
∇−Na u
)
(t) :=
t∑
s=a+1
HN−1(t, ρ(s))u(s), t ∈ Na,
where by convention
(
∇−Na u
)
(a) = 0. We define
(
∇−0a u
)
(t) = u(t) for all t ∈ Na+1.
Definition 4.6 (See [7]). Let u : Na+1 → R and ν > 0. The ν
th-order nabla sum
of u based at a is given by
(
∇−νa u
)
(t) :=
t∑
s=a+1
Hν−1(t, ρ(s))u(s), t ∈ Na,
where by convention
(
∇−νa u
)
(a) = 0.
Definition 4.7 (See [7]). Let u : Na+1 → R, ν > 0 and choose N ∈ N1 such that
N − 1 < ν ≤ N . The νth-order Riemann–Liouville nabla difference of u is given
by (
∇νau
)
(t) :=
(
∇N
(
∇−(N−ν)a u
))
(t), t ∈ Na+N .
Definition 4.8 (See [7]). Let ν > 0 and choose N ∈ N1 such that N −1 < ν ≤ N
and u : Na−N+1 → R. The ν
th-order Caputo nabla difference of u is given by
(
∇νa∗u
)
(t) :=
(
∇−(N−ν)a
(
∇Nu
))
(t), t ∈ Na+1.
Definition 4.9. C(Na,R) be the space of sequences u : Na → R.
Lemma 4.1. [7] Let u ∈ C(Na+1,R) and ν, µ > 0 with N − 1 < ν < N . Then,(
∇νa∇
−µ
a u
)
(t) =
(
∇ν−µa u
)
(t), t ∈ Na+N .
Lemma 4.2. [2] Let u ∈ C(Na+1,R) and ν > 0. Then,(
∇−νa ∇u
)
(t) =
(
∇∇−νa u
)
(t)−Hν−1(t, a)u(a), t ∈ Na+1.
55. Hilfer Nabla Fractional Difference
Here we propose the nabla analogue of Hilfer fractional differential operator.
Definition 5.1. Let u : Na → R, 0 < α < 1 and 0 ≤ β ≤ 1. The α
th-order and
βth-type Hilfer nabla difference of u is defined by
(
∇α,βa u
)
(t) =
(
∇−β(1−α)a ∇
(
∇−(1−β)(1−α)a u
))
(t), t ∈ Na+1. (5.1)
This definition yields Riemann–Liouville and Caputo nabla fractional difference
operators when β = 0 and β = 1, respectively.
Now, we show that both Riemann–Liouville and Hilfer nabla fractional differ-
ence operators coincide on the sequence space C(Na,R).
Proposition 5.1. Let u ∈ C(Na,R), 0 < α < 1 and 0 ≤ β ≤ 1. Then,(
∇α,βa u
)
(t) =
(
∇αau
)
(t), t ∈ Na+1.
Proof. Clearly, 1− (1− β)(1− α) > 0. Put
v(t) =
(
∇−(1−β)(1−α)a u
)
(t), t ∈ Na+1.
Clearly,
v(a) = 0. (5.2)
Also,(
∇−β(1−α)a v
)
(t) =
(
∇−β(1−α)a ∇
−(1−β)(1−α)
a u
)
(t) =
(
∇−(1−α)a u
)
(t), t ∈ Na+1.
(5.3)
Let t ∈ Na+1 and consider(
∇α,βa u
)
(t) =
(
∇−β(1−α)a ∇
(
∇−(1−β)(1−α)a u
))
(t) (by Definition 5.1)
=
(
∇−β(1−α)a ∇v
)
(t)
=
(
∇∇−β(1−α)a v
)
(t)−Hβ(1−α)−1(t, a)v(a) (by Lemma 4.2)
=
(
∇∇−β(1−α)a v
)
(t) (by (5.2))
=
(
∇∇−(1−α)a u
)
(t) (by (5.3))
=
(
∇αau
)
(t). (by Lemma 4.1)
The proof is complete. 
Conclusion
In continuous setting, we observe that Riemann–Liouville and Hilfer fractional
differential operators are equal only the space of continuous functions, where as
in discrete setting, it is evident that Riemann–Liouville and Hilfer nabla frac-
tional difference operators are equal for every infinite sequence of real numbers.
Thus, we conclude that unlike Hilfer fractional derivative, its nabla analogue is
not significant.
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